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1. INTRODUCTION 

IN A PREVIOUS paper [1] we examined the problem of the 
temperature distribution in a cylindrical conductor in the 
steady-state regime and in the presence of skin effect. We 
solved a set of couple equations involving the space dis- 
tribution of temperature T,(r) and J,,, which represents the 
maximum current density. The latter is allowed to be a com- 
plex quantity. We assumed that all physical parameters such 
as the thermal conductivity I and the electrical resistivity p 
are constants. After solving the equation involving J,,, by a 
method which is described in detail in ref. [l], we obtained 
the following equation governing the distribution of tem- 
perature in the presence of skin effect : 

d2T, 
dr2 + ; d$ + TK(r/R) = 0 

where I- and &r/R) are defined by 

r = L Ih 1 
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r0 is the radius of the conductor and p = 151 = 2xfny, 
R = 25’4/p’!2, f is the current frequency, p the magnetic 
permeability and y = l/p. We note that here, T,(r) represents 
the absolute temperature at a distance r from the centre line 
of the conductor in the steady-state regime. The solution of 
equation (1) satisfying the classical boundary conditions [I] 
was found as 

T,(r) = r 
[ 

riA(r/R) + ?B(r,/R)-r’A(r/R) 1 (4) 

where the analytical expressions of the functions A(r/R) and 
B(r/R) are given in ref. [I]. Here we choose to illustrate them 
graphically as a function of r together with K(r/R) in Fig. 1. 
The aim of this note is to extend this problem to the transient 
state distribution of temperature in the presence. of skin 
effect. 

2. TRANSIENT STATE 

The equation governing the temperature distribution in 
space and time for a cylindrical conductor in the presence of 
skin effect is 

where T(r, t) is written as 

T(r, t) = T,(r)+ T,(r, t). (6) 

T,(r, t) represents the transient state component of the tem- 
perature and ti = ,I/(&) is the thermal diffusivity, c the specific 
heat and 6 the mass density. To solve this equation one needs, 
besides the boundary conditions specified in ref. [I], an initial 
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FIG. 1. Curves representing the variation with x of the func- 
tions : (a) log A(x) (see equation (25) of ref. [ 11) ; (b) log B(x) 
(see equation (26) of ref. [l]); (c) log K(x) (see equation (3) 

of this work). 

condition which is chosen as 

T(r, t =0) = 0 or T,(r, t = 0) = - T,(r), 0 < r < ro. 
(7) 

Substituting equation (6) into equation (5), one obtains a set 
of two equations. The first one is identical to equation (l), 
and hence, gives T,(r), and the second one involves T,(r, t) 

a2T, 1 aT, 1 aT, 
=+;x=;z. 

This equation is solved by the standard method of separation 
of variables [2]. One can easily verify that the result takes the 
form 

T,(r,r) = - f A J ” o (9) 
n= I 

This result shows immediately that the steady-state tem- 
perature T,(r) can be expanded in a series of Bessel functions 
of zeroth order 

To determine the quantity A,, we need to use both equations 
(4) and (IO). This leads to 

T 

A, = 2 

,,.,~~~J,(..)-r..~rjd(rlR)J,(~r)dr (11) 
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where T,,,,, is the maximum value of the temperature which 
is reached at the centre line, J](u.) the Bessel function of first 
order, tl, the solution of the equation 

J,(u) - $J,(a) = 0 
ll 

and E represents the convective heat transfer coefficient. Sub- 
stituting equations (9) and (10) into equation (6) yields 

(13) 

To illustrate the importance of skin effect on the transient 
state temperature distribution, we have plotted in Fig. 2 the 
variation of AT(r, t) = T(r, t) - T,(t) as a function of r for 
various times from the moment where the high frequency 
current is switched on. T,(t) represents the absolute tem- 
perature at the surface of the conductor. To plot these curves, 
we have used the same values for the physical parameters 1, 
p, rr, and I, as in ref. [l]. Z, is chosen to represent the 
case of a strong skin effect corresponding to a high current 
frequency (f = 0.9 MHz). Furthermore, the diffusivity K is 
taken as 

K = 21.3 x 10e6 mz s’ 

which corresponds to tungsten at 3000 K [3]. One observes 
that the skin effect develops very quickly after switching the 
current on. Indeed, at short times, one immediately sees a 
peak of temperature near the surface, the maximum of which 
is located around the skin depth 6 = (nfn~y)-“~ x 0.5 mm. 
It is clear that for short times AT should be negative since at 
t = 0, we have used the initial condition T(r, t = 0) = 0. As 
time increases, the transient state temperature distribution 
evolves progressively towards the steady-state distribution 
which, in our case is reached after about 30 s. 

3. CONCLUSION 

In this note, we present an exact analytical solution for 
the transient state temperature distribution in an electrical 
conductor in the case of a strong skin effect. This solution 
can be exploited in various practical applications such as 
induction heating systems, determination of physical par- 
ameters for a given temperature profile, etc. We have delib- 
erately chosen the case of a strong skin effect to illustrate 
clearly its impact on the temperature distribution. But this 
formalism can be of course applied to the limit of a weak 
skin effect as well. The physical parameters involved in this 
problem are all assumed to be constant which leads to a 
linear system to be solved. In the case where these parameters 
are functions of temperature, one is faced with a non-linear 
system which is far more difficult to solve. We hope to 
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FIG. 2. The variation of AT(r, t) = T(r, t) - T,(t) as a function 
of r at various times: t = 3 s, T, = 1925.72K; t = Ss, 
T, = 2454.51 K ; r = lOs, T, = 2901.52K; t = 3os, 

T, = 3002.76 K (steady-state temperature distribution). 

examine this problem in the near future using the optimal 
linearization method which we have recently developed [4]. 
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